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   B.Sc. IV SEM. UNIT IV        DIFFERENTIAL EQUATIONS 

Differential Equations:- I) Type-3(P.I.for RHS= xn),  

II) Type-4(P.I.for RHS=exsinx),  III) Type-5(P.I.for RHS= xv)  

  

Type 3 

1. Solve   23 2 12   y y x    

We have  2 23 2 12  D D y x

 

AE is   2 3 2 0 1 2 0 1 2         ,m m or m m m
 

 2

1 2

  x x

c
y c e c e  

2

2

12

3 2


 
p

x
y

D D
 

We need to divide for obtaining the P.I. 

22 3 D D

 

2

2

2

6 18 21

12

12 36 12

36 12

36 54

42

42

0

 

 

 

 

x x

x

x x

x

x
 

   

 

2 2

2 2

3 6 3 6 3 12 36

6 12

 
    

 
 
 

:
d

Note D x x x x
dx

D x

 

 Hence 26 18 21  
p

y x x  

Complete solution:  c py y y     

  Thus 
2 2

1 2 6 18 21x xy c e c e x x     
 

---------------------------------------------------------------------------------------------------

2. Solve 
22 2y y y x x      

We have  2 22 1 2D D y x x     

A.E. is  
22 2 1 0 1 0 1, 1m m m m           

 1 2
x

cy c c x e    



2 2

2 2

2 2

2 1 2 1
p

x x x x
y

D D D D

 
 

   
 P.I. is found by division  

21 2D D 

2

2

2

2 2

2

4 2

2 2

2 4

2

2

0

x x

x x

x x

x

x

 



 

 

 
            

2 2 2py x x     

Complete Solution: c py y y  . Thus    2
1 2 2 2xy c c x e x x      

---------------------------------------------------------------------------------------------------

3. Solve  3 48 2 1D y x x     

A.E. is   3 28 0 2 2 4 0m m m m         

2 4 16 2 2 3
2 1 3

2 2

i
m and m i

  
       

 2
1 2 3cos 3 sin 3x x

cy c e e c x c x     

4

3

2 1

8
p

x x
y

D

 



 P.I. is found by division  



38 D

4

4

4

8 8 1 8

2 1

3

1

0

1

1

0

x x

x x

x x

x

x

 

 



 

 
            

 

 

3 4

4

8 3

1
1

8
p

Here D x x

y x x



   
 

Complete Solution: c py y y    

Thus    2 4
1 2 3

1
cos 3 sin 3 1

8

x xy c e e c x c x x x       

---------------------------------------------------------------------------------------------------

4. Solve

3 2

3 2
3 1

d x d x
t

dt dt
    

We have  3 23 1D D x t    where 
d

D
dt

  

A.E. is  3 2 23 0 3 0 0, 0, 3m m m m m       
        

  

3
1 2 3

t
cx c c t c e     

 2
1 2 3cos 3 sin 3x x

cy c e e c x c x     

3 2 2 3

1 1

3 3
p

t t
x

D D D D

 
 

 
 P.I. is found by division  



2 33D D
3 218 9

1

1 3

2 3

2 3

0

t t

t

t






            

 
3 3

2

3 2
3

2

1 1 1

3 3 6 183

1 2 3 2
&

18 3 9 93

t t
Here t tdtdt

D

t t
D dtdt

D

   

 
   

 





Hence  
3 2 2

2
18 9 9

p

t t t
x t         Complete Solution: c px x x    

Thus 
 2

3
1 2 3

2

18

t t t
x c c t c e


   

 

---------------------------------------------------------------------------------------------------

5. Solve

2
2

2
5 6

d y dy
y x

dxdx
    

We have  2 25 6D D y x     

 A.E. is   2 5 6 0 2 3 0 2, 3m m m m m         
             

 

2 3
1 2

x x
cy c e c e     

2

26 5
p

x
y

D D


 
 P.I. is found by division  

26 5D D 

   

   

   

2

2

2

6 5 18 19 108

5 3 1 3

5 3 1 3

5 3 25 18

19 18

19 18

0

x x

x

x x

x

x

 

 

 

 

           

 

   

 

2

2 2

2

5 6 5 3

6 1 3 & 5 5 18

25 18

1
18 30 19

108
p

Here D x x

D x D x

y x x





 

   

 



Complete Solution: c py y y    

Thus  2 3 2
1 2

1
18 30 19

108

x xy c e c e x x       

---------------------------------------------------------------------------------------------------

6. Solve

3 2
3

3 2
2

d y d y dy
x

dxdx dx
    

We have  3 2 32D D D y x     

A.E. is    
23 2 22 0 2 1 1 0m m m m m m m m        

    

0, 1, 1m   
         

  1 2 3
x

cy c c c x e     

3

2 32
p

x
y

D D D


 
 P.I. is found by division  

2 32D D D 

4 3 2

3

3 2

2

2

4 2 9 24

6 6

6 6

6 24 12

18 12

18 36

24

24

0

x x x x

x

x x x

x x

x x

x

x

  

 

 

  









 

 

3 4
3

2 4

2 4 2

2
2 3

2

,
4

2 4

2 6 ,

6
6 2

18
18 9

24
& 24

x x
Here x dx

D

D x

D x x

x
x dx x

D

x
xdx x

D

x
D

 

 


   

 


 







 

4
3 22 9 24

4
p

x
y x x x     Complete Solution: c py y y    

Thus  
4

3 2
1 2 2 2 9 24

4

x x
y c c c x e x x x      

 

 

 



Type-4 

---------------------------------------------------------------------------------------------------

1. Solve 2 22 5 sinxD D y e x  
 

A.E. is 
2 2 5 0 1 2m m m i     

      

 
 1 2cos2 sin2x

cy e c x c x    

   

2
2

2 2

sin sin

22 5 2 2 2 5

x
x

p

replace De x x
y e

by DD D D D

   
     

         

  

 
2

2 2 2

2

sin sin
1 1

2 22 5

x
x x e x

e D
DD D

   
           

 

 
  

2 2 2

2

2 sin cos 2sin cos 2sin

2 2 2 2 2 1 44

x x xD xe e x x e x x

D D D

   
     

    
 

 
2

2sin cos
10

x

p

e
y x x     

Complete Solution: c py y y    

Thus    
2

1 2cos2 sin 2 2sin cos
10

x
x e

y e c x c x x x    
 

---------------------------------------------------------------------------------------------------

2. Solve 2 2 4 cosxD D y e x  
 

A.E. is 
2 2 4 16 2 2 3

2 4 0 1 3
2 2

i
m m m i

  
       

      

 
 1 2cos 3 sin 3x

cy e c x c x    

   
2 2

cos cos

12 4 1 2 1 4

x
x

p

replace De x x
y e

by DD D D D

   
     

         

  

 2 2

2

cos cos cos
1 1

2 23

x
x x

p

x x e x
e e D y

D

   
            

 



Complete Solution: c py y y    

Thus    1 2cos 3 sin 3 cos 2x xy e c x c x e x    

---------------------------------------------------------------------------------------------------

3. Solve 3 21 5 xD y e x 
 

A.E. is   3 21 0 1 1 0m m m m      
   

1 1 4 1 3
1,

2 2 2

i
m m

 
     

   

 
    2

1 2 3cos 3 2 sin 3 2x x
cy c e e c x c x   

 

2 2

3 3

5
5

11 1 1

x
x

p

replace De x x
y e

by DD D

   
     

      
2 2

3 2 2 3

5 2
5

& 223 3 2 2 3 3

x
x for aconvinientx e x

e
division byD D D D D D

     
      

              

2 32 3 3D D D  

 2

2

2

3 3 2

2

2 6 6

6 6

6 9

3

3

0

x x

x

x x

x

x

 

 

 

 

 

 

2

2

5
3 3 2

2

5 4 2 6 3

x

p

x

e
y x x

e x x

     
 

    
 

 

Complete Solution: c py y y    

Thus     2
1 2 3cos 3 2 sin 3 2x xy c e e c x c x  

          

 
  25 4 2 6 3xe x x    

 
 

--------------------------------------------------------------------------------------------------- 

 



4. Solve 2 34 3 2 xD D y xe  
 

A.E. is   2 4 3 0 1 3 0 1, 3m m m m m        
      

 

3
1 2

x x
cy c e c e  

    

3
32

2
31 3 2

x
x

p

replace De x x
y e

by DD D D D

   
     

     

3

2

2

2

x x
e

D D
 


 P. I. is found by division

 

22D D

   2 2 2

2

2 1

1

1

0

x x

x

x









   
2

22
2 2

2 2
p

x x
xdx y x x

D
      

Complete Solution: c py y y    

Thus    3 2
1 2 2 2x xy c e c e x x   

 

---------------------------------------------------------------------------------------------------

5. Solve    4 sinhx t x t t t  
 

We have    2 4 sinh
d

D x t t t where D
dt

                                                  

A.E. is 
2 4 0 2m m    

       

2 2
1 2

t t
cx c e c e  

 
   1 22 2 2 2

sinh 1 1 1

2 2 24 4 4 4

t t t t

p

t e et t t e t e
x P P say

D D D D

     
      

    

 
1 2 2 24 2 31 4

t
t tt e t t

P e e
D D DD


  

   
 P. I. is found by division 



23 2D D  

   

 

3 2 9

2 3

2 3

2 3

0

t

t

t

 


1

2

3 9

tt
P e

 
   

 
 

 
2 2 2 24 2 31 4

t
t tt e t t

P e e
D D DD


 

  
   

 

23 2D D  

   

 

3 2 9

2 3

2 3

2 3

0

t

t

t

 







   

 2 1 2

2 1

3 9 2

1 2 2

2 3 9 3 9

2
sinh cosh

3 9

t
p

t t

t
P e x P P

t t
e e

t
t t





 
      

 

     
        

    


 

 

Complete Solution: c px x x    

Thus 
2 2

1 2

2cosh
sinh

3 9

t t t t
x c e c e t   

 

---------------------------------------------------------------------------------------------------

6. Solve 

4

4
costd y

y e t
dt

   

We have  4 1 cos ,t d
D y e t where D

dt
     

A.E. is   4 2 21 0 1 1 0 1, 1,m m m m i         
          

1 2 3 4cos sint t
cy c e c e c t c t      



 
4 4 4 3 2

cos cos cos

1 4 6 4 1 11 1

t
t t

p

e t t t
y e e

D D D D DD
    

      

2

4 3 2

cos
, 1

4 6 4

t t
e Now D

D D D D
  

  
 

     
2 2

cos cos

51 4 1 6 1 4

t tt t
e e

D D
   

     
 

Complete Solution: c py y y    

Thus  
4

3 2
1 2 2 2 9 24

4

x x
y c c c x e x x x      

 

--------------------------------------------------------------------------------------------------- 

 

 

 

Type-5 

1. Solve 16 sin3y y x x  
 

We have  2 16 sin3D y x x  .   A.E. is 
2 16 0 16 4m m i      

    

1 2cos4 sin 4 .cy c x c x  
 2

sin3
.

16
p

x x
y

D



 

Let us use 
 

 
     2 2

2 sin3

16 16

f DxV V D x
x x

f D f D f D D D

   
         

     2 2 2 2

2 sin3 sin3 6cos3 sin3 6cos3

7 716 3 16 7 16 7 3 16

D x x x x x x x
x

D D

 
            

 
sin3 6cos3 1

7 sin3 6cos3
7 49 49

p

x x x
y x x x     

Complete Solution: .c py y y 
 

Thus  1 2

1
cos4 sin 4 7 sin3 6cos3

49
y c x c x x x x   

  



---------------------------------------------------------------------------------------------------

2. Solve 2 cosy y y x x   
 

We have  2 2 1 cosD D y x x   . A.E. is 
2 2 1 0 1,1m m m    

    

 1 2 .x
cy c c x e  

 2

cos
.

2 1
p

x x
y

D D


 
 

Let us use  

 
 
     2 2

2 2 cos

2 1 2 1

f DxV V D x
x x

f D f D f D D D D D

   
           

 

   
 

         2 2

2 1 2 1cos sin cos cos sin

1 2 1 2 2 2 21 1

D Dx x x x x
x x dx

D DD D

        
          

                 


 
 

2

1 sinsin sin sin sin cos sin

2 1 2 2 21

D xx x x x x x x x x

D D

   
     

 
 

Complete Solution: .c py y y 
 

Thus    1 2

1
sin cos sin

2

xy c c x e x x x x    
 

---------------------------------------------------------------------------------------------------

3. Solve 
2 cosy y x x  

 

We have  2 21 cosD y x x  .  

A.E.is 
2 1 0 1m m    

 1 2
x x

cy c e c e  

 
 

22

2 2

.cos

1 1

ix

p

R P x ex x xV
y donot prefer toapplytheresult twice

f DD D

  
   

    

  
2

2
. . ,

1

ix
p

x
y R P e replace Dby D i

D
 

  

 

2

2
. .

1

ix x
R P e

D i


 

2

2 2
. .

2 1

ix x
R P e

D iD i


  

2 2

2 2
. . . . .

2 2 2 2

ix ixx x
R P e R P e

D iD iD D
 

    
 

We need to employ division 



22 2iD D  

   2

2

2 1 2

2

2 1

2 1

2 2

1

1

0

x ix

x

x ix

ix

ix

  

 









 

 

 

2

2 2

2

2 2 2

2 1

1
1

2

iD x ix

D x

Quotient is

x ix

 

 


 

 

     2 21 1
. 1 . cos sin 1

2 2

ix
py R Pe x ix R P x i x x ix

   
         

   

   2 21 1
. cos 1 sin sin 1 cos

2 2
R P x x x x i x x x x

    
         

    

Required  21
cos 1 sin

2
py x x x x   . Complete Solution: .c py y y 

 

Thus  2
1 2

cos
1 sin

2

x x x
y c e c e x x x    

 

---------------------------------------------------------------------------------------------------

4. Solve 
2 siny y x x  

 

We have  2 21 sinD y x x  . The working is same as in the above example 

where

2

2
. .

1

ix

p

x e
y I P

D



.   Required  2sin

1 cos
2

p

x
y x x x   . 

 Complete Solution: .c py y y   

Thus  2
1 2

sin
1 cos

2

x x x
y c e c e x x x    

 

---------------------------------------------------------------------------------------------------

5. Solve 2 sinxy y y xe x   
 



We have  2 2 1 sinxD D y xe x   . A.E. is 
2 2 1 0 1,1m m m    

    

 1 2 .x
cy c c x e  

 
 

2 2

sin sin
1

1

x x
p p

x x x x
y e First D D y e

DD

 
      

   

 And we have  

 
 
   

f DxV V
x

f D f D f D

 
  
 

 
2 2

2 sin 2 sin
sin 2 cos

1

x x x
p

D x x
y e x e x e x x x

DD D

   
              

 

 sin 2cosx
p c py e x x x Complete Solution: y= y y    Complete 

Solution: .c py y y 
 

Thus    1 2

1
sin cos sin

2

xy c c x e x x x x    
 

The working is same as in the above example where

2

2
. .

1

ix

p

x e
y I P

D



. 

Required  2sin
1 cos

2
p

x
y x x x   . 

 Complete Solution: .c py y y   

Thus  2
1 2

sin
1 cos

2

x x x
y c e c e x x x      

---------------------------------------------------------------------------------------------------

6. Solve 
2 24 4 8 cos2xy y y x e x   

 

We have  2 2 24 4 8 cos2xD D y x e x   .  

A.E. is 
2 4 4 0 2,2m m m    

    
  2

1 2 .x
cy c c x e  

 

   

2 2 2 2
2 2

2 2 2

8 cos2 8 .cos2 8 .cos2
2

2 1

x
x x

p p

x e x x x x x
y e First D D y e

DD D

 
       

   



 
 2 2

2

2 2

. 8 .

8 cos2

ix

x
p

R P x e P I canalsobecomputed by
y e

D integrating x xtwiceby parts

  
  

  

   
 

 
2 2 2

2 2 2 2 2 2

2 2 2

8 8 8
. . .

4 42

x ix x ix x ixx x x
e R Pe e R Pe e R Pe

D D iDD i

 
   

  

 
 

We need to employ division 

24 4iD D  

2

2

2

2 4 3

8

8 16 4

16 4

16 16

12

12

0

x ix

x

x ix

ix

ix

  

 









 

22 4 3Quotient is x ix  

 

 

2 2

2 2

. 2 4 3

. cos2 sin 2 2 4 3

ix
p

x

y R Pe x ix

e R P x i x x ix

    
 

     
 

  2 2. cos2 sin2 2 4 3xe R P x i x x ix     
 

  2 2cos2 3 2 4 sin 2xe x x x x  
 

 Complete Solution: .c py y y   

Thus     2 2 2
1 2 cos2 3 2 4 sin 2x xy c c x e e x x x x    

 

---------------------------------------------------------------------------------------------------

7. Solve  2 24 4 8 sin2xy y y x e x refer above example   
 

We have  2 2 24 4 8 sin 2xD D y x e x   .  



 

2 2

2 2

. 2 4 3

. cos2 sin 2 2 4 3

ix
p

x

y I Pe x ix

e I P x i x x ix

    
 

     
 

  2 2sin 2 3 2 4 cos2xe x x x x  
 

 Complete Solution: .c py y y   

Thus     2 2 2
1 2 sin 2 3 2 4 cos2x xy c c x e e x x x x    

 

---------------------------------------------------------------------------------------------------

Type-6.  Mixed type of examples 

1. Solve   3 1 cos 2 xD y x e   
 

A.E. is   3 21 0 1 1 0m m m m      
   

1 1 4 1 3
1,

2 2 2

i
m m

 
     

   

 
    2

1 2 3cos 3 2 sin 3 2x x
cy c e e c x c x   

1 23 3 3

sin sin

11 1 1

x x

p

replace Dx e x e
y p p

by DD D D

 
      

    

2 2
1 3

sin
1 1

1

x
p now D

D
   



 
  1 2

1 sinsin sin cos sin cos

1 1 1 21

D xx x x x x
p

D D D D

  
    

   

2 23
1

21

x xe e
p Here D p

D
   


 

Complete Solution: .c py y y   

    2
1 2 3

sin cos
cos 3 2 sin 3 2

2

x
x x

c

x x e
y c e e c x c x  

    

---------------------------------------------------------------------------------------------------

2. Solve 

2

2
2 xd y dy

y xe x
dxdx

     

We have  2 2 1 xD D y xe x      



A.E. is  
22 2 1 0 1 0 1,1,m m m m       

          

 1 2
x

cy c c x e   and 1 22 2
( )

2 1 2 1

x

p

xe x
y p p say

D D D D
   

   

 

3 3

1 12 2
; 1

6 61

x
x x x xx x x x e

p e D D p e e xdxdx e
DD

       


         

2 21 2

x
p and we shall divide

D D


 
    

 

21 2D D 

2

2

2

2

0

x

x

x




       

   

2

3
1 2

2

:

6 3

c p

x x

p x

Complete solution y y y

Thus y c c x e x e x

  

 

    

 

---------------------------------------------------------------------------------------------------

3. Solve 
24 12 3sin 2xy y y e x    

 

We have  2 24 12 3sin 2xD D y e x    .  

A.E. is   2 4 12 0 6 2 0 2, 6m m m m m         
    

  2
1 2 .x

cy c c x e  

    
 

2

1 22 2

3sin 2

4 12 4 12

x

p

e x
y p p say

D D D D
   

   

   
 

2 2 2 2

1 12
. 0

4 8 12 2 4 84 12

x x x xe e e xe
p Dr p x

DD D
     

   

   
 

 
2

2 22 2

3 4 sin 23sin 2 3sin 2
; 4

4 4 124 12 4 16

D xx x
p D p

DD D D

  
    

    

 
2

3 2cos2 4sin2
:

80
c p

x x
p Complete Solution y y y

 
  

  
 

Thus 
 2

2 6
1 2

3 cos2 2sin 2

8 40

x
x x x xxe

y c e c e


      



---------------------------------------------------------------------------------------------------

4. Solve  
2

2

2
1 sinxd y

y x e x x
dx

     

We have    2 21 1 sinxD y x e x x      

A.E. is 
2 1 0 1m m    

 1 2
x x

cy c e c e  
 
and 

 2

1 22 2

1 sin
( )

1 1

x

p

x e x x
y p p say

D D


   

 

 
 

 
2 2 2

1 12 2 2

1 1 1
1

1 21 1

x

x x
x e x x

p e D D p e
D D DD

  
     

  
         

We need to employ division now   

 

22D D

3 2

2

2

6 4 3 4

1

1

1 2

3 2

3 2

0

x x x

x

x x

x

x

 





 

 

2 2 3

2

2 2 6

2 2 4

3 2 3 3

2 4 4

x x x
dx

D

x x x
dx

D

x
dx

D

 

  
 

 







 

   
3 2

2 2
1

3
2 3 9 2 3 9

6 4 4 12 12

xx x x x x
quotient x x p e x x           

 And we have  

 
 
   2 2

sin

1

f Dx x xV V
p and we use x

f D f D f DD

 
   

  
 

2 2 2 2 2

2 sin 2 sin sin cos
;

1 1 21 1 1 1

D x x D x x x x x
p x x

D D D D

   
                

 

 2
2

sin cos 1
1, sin cos

2 2 2

x x x
As D p x x x

 
    


 

Complete Solution: .c py y y 
 



Thus    2
1 2

1
2 3 9 sin cos

12 2

x
x x xe

y c e c e x x x x x      
 

---------------------------------------------------------------------------------------------------

5. Solve  3 2 4 4 3 4 6xD D D y e x     
 

A.E. is    3 2 24 4 0 1 4 1 0m m m m m m        
   

  21 4 0 1, 2m m m       
    

2 2
1 2 3

x x x
cy c e c e c e    

  
 

 
 1 23 2 3 2

4 63

4 4 4 4

x

p

xe
y p p say

D D D D D D

 
   

     

 
 1 3 2

3 3
. 0

1 1 4 44 4

x xe e
p Dr

D D D

 

  
     

   1 2

3 3

3 2 43 2 4

x x
xe e

p x x xe
D D

 
     

  

 

 
2 3 2

4 6

4 4

x
p

D D D




  
 
                                     P.I. is found by division                

2 34 4D D D   

 1 2

4 6

4 4

2

2

0

x

x

x

 



  2 1 2

: c p

p x

Complete solution y y y

   

 

 2 2
1 2 3 1 2x x x xThus y c e c e c e xe x         

---------------------------------------------------------------------------------------------------

6. Solve

2

2
4 sin sin 2

d y
y t t t

dt
    

We have  2 4 sin sin 2D y t t t     

A.E. is 
2 4 0 2m m i    

 1 2cos2 sin 2cy c t c t  
 
and 

1 22 2 2

sin sin 2 sin sin 2
( )

4 4 4
p

t t t t t t
y p p say

D D D


    

         



1 2

sin

4

t t
p

D



  and we have 

 
 
   

f DxV V
t

f D f D f D

 
  
 

 

 2 2 2 2 2

2 sin 2 sin sin 2cos

34 4 4 1 4 3 4

D t D t t t t
t t

D D D D

   
                

 1

sin 2cos 1
3 sin 2cos

3 9 9

t t t
p t t t      

2 2
2 2

sin 2
2 . 0

4

t
Also p Now D and Dr

D
  



2

sin2 sin2 cos2

2 2 4

t t t t
p t t dt

D
     

Complete Solution: .c py y y 
 

Thus  1 2

1 cos2
cos2 sin 2 3 sin 2cos

9 4

t t
y c t c t t t t    

 

   


