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B.Sc. IVSEM. UNIT IV~ DIFFERENTIAL EQUATIONS
Differential Equations:- I) Type-3(P.l.for RHS= x"),

I1) Type-4(P.l.for RHS=e*sinx), IlI) Type-5(P.l.for RHS= xv)

Type 3

1. Solve y"+3+2y=12x2

We have (D2+3D+2)y:12x2

AE is m*+3m+2=0 or (m+1)(m+2)=0=>m=-1,-2
y, =ce ¥ +c,e

o 12x?
D*+3D+2

Yo

We need to divide for obtaining the P.I.

6x*-18x +21

12x?
12x° +36X +12 Nod,
_36x_12 |Note: 3D(6x ):3&(6x )=3-12x =36x
—36x-54 D?(6x°) =12
42
42
0

2+3D + D?

Hence y, =6x*-18x+21

Complete solution: 'y =Y, + Yo

Thus y =ce* +c,e 2 +6x% —18x + 21

2.Solve Y +2y + Yy =2X+X?
We have (D2+2D+l)y:2x+x2

AE.is m* +2m+1=0=(m+1)’ =0=>m=-1, -1

—X

S Y. =(c +cox)e



. - 2x+x°  X*+2X
P D?4+2D+1 D?+2D+1

P.1. is found by division

X2 —2X + 2
142D + D? |X* +2X
X2 44X+ 2
—2x-2 LYy =X = 2X+2
—-2x-4
2
2
0

Complete Solution: y =Y, +Y,. Thus y =(c; +Cyx)e " + (X2 —2X+ 2)

3. Solve (D3+8)y:x4+2x+1

AE.is M +8=0=>(m+2)(m” - 2m+4)=0

21#;1—16 :2i§|ﬁ:1iiﬁ

m=-2 and m=

LY =ce X e (c2 C0S~/3X + C,in \/§x)

CxPe2x+l

Yp = P.I. is found by division
P 8+D?



x*/8—x/8+1/8

84 D% x4 +2x +1
4
X"+ 3 . Here D*(x"/8) =3x
— X+
Cx— v L4
Xx-0 ..yp_g(x —x+1)
0

Complete Solution: y =Y, + Yo

Thus y =ce " +e"{c2 COS+/3X + €, 5in \/§x} +%(x4 - x+1)

3 2
4. Solved—;( +3d—;( =1+t
dt dt

We have (D3+3D2)X:1+t where D:%

AE.is m*+3m*=0=m*(m+3)=0=>m=0,0,-3
S X =G Gt + e
LY =ce +ex(c2 C0S~/3X + C,in \/§x)

1+t 1+t
P D34+3D% 3D%+D°

P.l. is found by division



3D2 + D3 t3/18—t2/9

3 3
t+l Here%(t):lj tdt = 2. L = !
t+1/3 3D 3 36 18

3 2

2/3 D3(t_j:1 & is;:g”'dtdt:t_

2/3 18) 3 3D 9 9
0

3 2

Hence Xp =2 +o= —(t+2) Complete Solution: X = X + X

L t(t+2)
Thus X=C; +Cot +C3& ™ + 13

5. Solved—g +5ﬂ+ 6y = G
dx dx

We have (D2+5D+6)y=X2

AE. s m? +5m+6=0=(m+2)(m+3)=0=>m=-2, -3
S Y. = 4 ce

2

Yo =ﬁ P.1. is found by division
x?/6 —5x/18 +19/108
2
6+5D+D” " Here 5D(x2/6):5x/3
x*(5%/3) ++(1/3)
2(2/a\ _
~(5%/3)-(13) D?(x*/6)=1/3 & 5D(5x/18)
—(5x/3)—(25/18) =—25/18
Ly oL 2
19/18 Yy —ﬁ(wx ~30x +19)
19/18
0




Complete Solution: Yy =Y. +Y,

1
Thus V= ce 2 +ce ¥ + —(18x% —30x +19
Y4 ¥+ 155l )

3 2
6. Solved y+zu+d—y=x3

a3 T dx
We have (D3+2D2 + D)y:X3

AE.is m*+2m? + m=0= m(m2 +2m+1)=m(m +1)°=0

—=m=0,-1 -1 LYo =C+(Cy+Cgx)e
X3
= P.1. is found by division
Yp D+2D?+D° d
x*/4—2x3 +9x? - 24x 3 v
. Here —:jx3dx:—,
D +2D2 + D? |X D 4
X2 +6x° + 6X ZDZ(X4/4)
2
—6x° —6X :Dz(x4/2):6x2,
—6x% —24x-12 62
18x +12 o - [-extdx=—2x°
18x + 36
18x _ _ 2
—_ Y o I18xdx =9x
.~ 824 _ oux
0 D

4
S Yp = XZ —2x3 +9x? — 24X Complete Solution: y =y, + Yp

4
Thus Y =¢; +(C, +C,x)e ™™ +X7_ 2x3 +9x? — 24x




1. Solve(D2 —2D +5)y =e?*sinx

AE.is m* —2m+5=0=>m=1+2i
"y, =€*(€,cos2X +C,Sin 2x)

Y. = e™*sinx _ o2X sin x ('.-replaceDj
" D*-2D+5 | (D+2)°-2(D+2)+5] ( byD+2

- 2X -
R L

D®+2D+5 2 1 D+2
_ e (D-2)sinx | e** cosx—2sinx _e™ cosx—2sinx
2 |(D-2)(D+2)| 2  D’-4 2 -1-4

e2x
=——-(2sIn X —COoS X
Yo 10 ( )
Complete Solution: y =Y, + Yo

2X
Thus y =€ (¢, C0S2X + C, Sin 2x) +el—0-(25in X —COS X)

2. Solve(D2 —2D+4)y =e*cosx

21\/;1—16 :212|J§:1iw§

AE ism?—2m+4=0=>m= >

Sy, =€ (cl €0S+/3X + C, Sin \/§x)

Y. = e” cos X _ X COS X ['.'replaceDj
" D?-2D+4  |(D+1)*-2(D+1)+4 |\ byD+1

COS X COS X ex COS X
Y e 22 (s D> -1°=-1) ~y.=
[D2+3} [ 2 }( ) Yo 2



Complete Solution: Yy =Y. +Y,

Thus y =¢” (clcos\/§x+ c,sin \/§x) +(ex cos x)/2

3, Solve(D3 +1)y = 5e*x?

AE.is m* +1=0= (m+1)(m? -m+1)=0

1441-4 1 i3
2 272

LY, =ce +ex/2{c2 cos(\/§/2)x+c33in(\/§/2)x}
Xx? 2 - replace D
yp = 563 X =5e* —X 3 E P j
D°+1 (D+1) +1 byD +1
_ £ G _ 5e* 2x2 -+ for aconvinient
- D’+3D?+3D+2| 2 |2+3D++3D%+D?® | divisionx&+by2

x* —3x+(3/2)

=>m=-1 m=

2+3D+3D?+D® |2x°
2x% +6X+ 6 X
2X” +6x+6 Se
ex—g Yo =7-[x2—3x+(3/2)]
_ —b6x-9 = (5e"/4)-[ 2x* - 6x+3]
3
3
0

Complete Solution: y =Y, + Yo

Thus y=ce " +e¥? {02 cos(\/§/2) X + C55in (\/§/Z)x}
+(5ex/4)-[2x2 —6x+3]



4, Solve( D? - 4D+ 3) y = 2xe>

AE.is m* —4m+3=0=(m-1)(m-3)=0=>m=13
Sy, =cet +ce®

yo - 2e¥*x _ o X "~ replace D
" (D-1)(D-3) (D+2)D | \ byD+3

—e¥. 22X P. 1. is found by division
D°+2D
(x2/2)—(x/2)
2D + D?[2x

2x +1 L 2X X (2
» .E_dex_7..yp_(x /2) (x/2)

_ 1
0

Complete Solution: y =Y, + Yo

Thus y = ce* +ce™ + (xz/z)—(x/z)

5. Solve X"(t)—4x(t)=tsinht
2 . d
We have (D —4)x(t)=tsmht where D = —
dt

AE.ism’—4=0=>m=%2 -~ x. =ce’+ce™
t —t
tsinht 1t-(e —€ ) 1| t-e'  te' | 1
X = = == — =—|R-P,|(sa
»DPoa 2 D'-a 2|pP-4 DPoa| 2t ()
t-e' ‘ t ‘ t

P = —e =e P. I. is found by division
' D?-4  (D+1)’-4 D?+2D-3




(t/-3)-(2/9)

—3+2D+D?|t
t—(2/3 —
( / ) Pl:(_t_gjet
2/3 3 9
2/3
0
t-et t L t

do
|
N
O
+
)
N

S
23
0

- Lsinnt —gcosht
3 9
Complete Solution: X = X, + X

_ : 2cosh
Thus X =ce” +c,e 2 _ Lginng— 208Nt

y t
6. Solve —-—Yy =€  cost
dt*

We have (D4 —1) y =e' cost, where D :di

AE.is m* —1:O:>(m2 —1)(m2 +1):0:> m=1-1+i

Y. =Ce' + et 4+ cycost + ¢, sint



e'cost cost ¢ cost
Yo= s =8 7 7% 2 3 2
D" -1 (D+1) -1 D*+4D°+6D“+4D+1-1

et NowD?s-1
D" +4D”+6D° +4D

ot cost _ ot Cost
(-1)* +4(~1)D +6(~1)* + 4D -5

Complete Solution: Yy =Y. +Y,

4
Thus Y =¢; +(C, +C,x)e ™™ +X7— 2x3 +9x? — 24x

Type-5

1. Solve y" +16Yy = xsin3x

We have(D2+16)y=xsin3x. AE.is M?>+16=0=m=+/-16 =4

. Y. =, C0S4X +C,Sin4X Y, = Xsin 3x

e YT

Let us use XV _ X_f'(D) 4 —[X— 2D } sin3x
f(D) f(D) | f(D) D?+16 J(D? +16)

—32+16) 7 7(D2+16) 7 7(—32+16)
_ Xxsin3x  6cos3x
Yo =7 49

—{x— 2D } sin3x _ xsin3x  6cos3x _ xsin3x  6cos3x
D*+16](

= i[7xsin 3x—6c0s3X]
49
Complete Solution: Y =Y. +Y,.

Thus Y = C, COS4X +C, Sin4x + 4—19[7xsin 3x —6c0s3X]



2. Solve y"—2y'+y =XCOSX

We have(D2—2D+1)y:xcosx. AE. is m?-2m+1=0=>m=11

XCOS X

yC :(C_L‘FCZX)eX. yp :m.

Let us use

fx(\é) :{X_ 11E“((E[;))} fz/D) :[X_ D22—D2_D2+J(D2iozé+1)

_[XZ(Dl)] COS X _{XZ(Dl)]sinx { COS X :J'COSXdX:SinX
(D—1)2 (-1-2D+1) (D—1)2 (-2) | (-2D) “(-2) (-2)
_—Xsinx  sinXx :—xsinx+(D+1)sinx:—xsinx+cosx+sinx

2 +(D—1) 2 D?-1 2 -2

Complete Solution: Y =Y. +Y,.

Thus y =(c, +CyX)e” —%(xsinx+cosx+sin X)

3. Solve y" — y = X? COS X
We have(D2 —1)y = X% oS X.

AEism’-1=0=>m=+1 Sy =t + e

cosx  RP(x%€)
P p?1 D? -1
2

xV

f(D)

{ donot prefertoapplytheresult

y, =R.Pe" 1 {replace Dby D +i}

D2

2 " «2
=R.P.e . —
-1 Dc+2ID+1°-1
- 2 - 2
—RPeX > —RPe*—

Dc+2ID-2 -2+2ID+D

(D+i)

—R.Pe™

2

We need to employ division

twice}

|



(XZ/—Z)—iX+(l/2)

[2x - 2iD(¥?/2) = -2ix
2 H 2 2 . )
—-2+2ID+ D" |x% = 2ix =1 0 o
2ix +1 D?(x*/2)=~1
%ix + 2 Quotient is
_ ~1/ , _
_i ?(x —1)—|x
0

y, =R.Pe” E(l— xz)— ix}: R.P(cosx+isin X)B(l— xz)— x|

_ R.P{Bcosx(l— x2)+ xsin x}+iEsin x(l— xz)— xcosx_}

Required y, = %cos x(l— x2)+ xsinx. Complete Solution: Y =Y, + Y.

_x . COSX :
Thus y =ce* +c,e X+T(l—x2)+xsmx

4. Solve y" —y = x*sinx

We have(D2 —l)y: x?sinX. The working is same as in the above example

2,iX .
. _SInX y2)
% Required yp_—2 (1 X ) XCOSX.

where y, = | .P.DZ—

Complete Solution: Y =Y. +Y,.

_x _ sSinx
Thus y =ce” +c,e X+T(l—x2)—xcosx

5. Solve " —2Yy'+y = xe*sinx



We have(D2—2D+1)y:xeXsinx. AE. is m*-2m+1=0=>m=11
2 Yo =(C +Cox)e”.
Xsinx . Xsin X

y, =¢e* Firt D>D+1 ..y :ex[ }

p (D—1)2 p D2
And we have

xv__|,_ (D) Vv

f(D) f(D) | f(D)

X 2D |sinx 2 [sinx .
y, =€ |:X—F F:e X-5 —-=e (—xsinx+2-—cosx)
y, =—€*(xsinx+2cosx) Complete Solution: y=y +y,Complete
Solution: y =Y, +Yp,.

X 1 - -
Thus y =(c, +CyX)e —E(xsmx+cosx+smx)
XZeix
The working is same as in the above example where Yp = I.P.m
: _SinXy. 2\

Required yp_—2 (1 x) XCOSX.
Complete Solution: Y =Y. +Y,.
Thus y =ce* +c,e” +¥(l—x2)—xcosx
6. Solve y" — 4y’ + 4y =8x%e?* c0s 2X
We have(D2—4D+4)y:8X262X0052X.
AE. is m’-4m+4=0=>m=2,2 Yo =(c +cpx)e.

2.2X 2 2
Yo :8x e cos22x _ 2 8X .cosix First D> D42 - Yo _ o2 8x .cc2>52x

(D-2) (D-1) D

|



Y, :(ezx)m {<:> P.l canalsobecomputed by }

D? integrating 8x2 cos 2xtwiceby parts

_ (egx ) R Pe2iX {8Dizzj| _ (eZX ) R. Pe2iX % = (e2x ) R.Pe?” #;_4

We need to employ division

—2x% —4ix+3
8x?
—4+4iD + D? |8x% —16ix— 4
16ix + 4
16ix +16
-12
-12
0

Quotient is —2x2 — 4ix + 3

y, =R.Pe* [—sz —4ix + 3]
= " R.P(cos2x +isin 2x)| -2x* — 4ix + 3]
—e?*{RP(cos2x+isin2x)[ -2x* — 4ix+ 3|

=¥ {cos 2x(3 - 2x2)+ 4xsin 2x}
Complete Solution: Y =Y. +Y,.

Thus y = (C, +CpX)e** + e {cos 2x(3 - 2x2)+ 4xsin 2x}

7.Solve y" —4y' +4y =8x%e**sin2x {refer above example}

We have(D2 —4D + 4) y =8x%e?*sin 2x.



yp =1.Pe”™| -2x* ~ dix+ 3|
= 6% 1.P(cos2x+isin2x)| —2x — 4ix+3 |
=% {sin 2x(3 — 2x2) —4X0S 2x}

Complete Solution: Y =Y. +Y,.

Thus Yy =(c, +C,x)e”* +e* {sin 2x(3— 2x2)— 4XCOS 2x}

Type-6. Mixed type of examples

1. Solve(D3 +1)y = cos(;r/2— x)+ex

AE.is m° +1=0=>(m+1)(m’ —m+1)=0

= :
mog, molEVio4 1,03
2 2 2
Sy, =ce " +e>‘/2{c2 cos(\/§/2)x+033in(\/§/2)x}
y _sinx+e* _ sinx N e” bt p - replace D
T D341 D3+1 D3+1 ¢ "2 byD+1
sin X 2 2
= now D - -1"=-1
D
" _sinx_ (1+D)sinx _ sinx+cosx _ sinx+cosx
"% 1-D (1-D)(1+D) 1-D? 2
e* e*
= Here D—>1..p,=—
P = e 2775

Complete Solution: Y =Y. +Y,.

Ly, =ce X +ed? {cz cos(\/§/2)x + c3sin(\/§/2)x}  Sinx-+cosx+ €

We have (D2 —2D+1)yzxex+x



AE.is m2—2m+1=0=(m-1)"=0=>m=11,
X

S Ye=(g+cx)e*and Y, =—; X +— a = P+ P, (say)
D--2D+1 D“-2D+1
3 3.X
X X X°  x°e
= e* ;D—>D+1 .. p=e"—==¢e"||xdxdx =" —=
pl (D_l)z pl D2 J‘J. 6
=——— — and we shall divide
P =1 D+ D?
X+ 2
_ 2 [x
1-2D+D S h=xe2
—2 Complete solution: y =y, + Yo
5 Thus y=(c +cx)e* +x%*/6+(x+3)
0

3. Solve y"+4y'—12y =e?* —3sin2x

We have(D2 +4D _12)y:ezx —3sin2x.

AE. is m?+4m-12=0=(m+6)(m-2)=0=>m=2,-6
Yo =(c +cpx)e.
. - g2 _Bsin2x o+ Py (53Y)
" (p?+4D-12) (D?+4D-12)
e2x e2x e2x Xer
= = Dr.=0) .. p, = =
g (D?+4D-12) (4+8-12) (Dr=0) - m=xo5—7 =73
—3sin 2x 2 —3sin 2x —3(D +4)sin 2x
& (D? +4D-12) P2 = "4+ ap-12) 4(D?-16)
P, = _3(2COS 2_);; 4sin ZX) Complete Solution:y =y, +Y,

xe?*  3(cos2x + 2sin2x)

2X —-6X
Thus Y=Ce~" +C,e + +
y=4 2 8 40




4. SolveM -y

dx?

(1+ xz)eX 4 Xsinx

We have (D2 —1)y :(1+ xz)eX + XSinx

AE.ism?—1=0=>m=41 .y =ce*+ce ™ and
y —(1+X2)ex+xsmx—p +p, (say)
T p2-1 pZ-1 TP
1+ x?)e” 2 2
plz( ' | —et X (D D41 p et X
D°-1 (D+1)" -1 2D+ D
We need to employ division now
x3/6—x%/4+3x/4
—_—
X2+1 X_ZZJ'_dX:X_
2D+ D? X" +X 2D J 2 6
—x+1 X (X X
—x-1/2 2D 2
AT
3/2
0
: quotient—x—g—x—2+3X X(Zx —3x+9) p —ex-i(2x2—3x+9)
B 6 4 4 12 RV
And we have
p _ Xsinx and we use
> D% D D)
) —[x— 2D }xsmx [ 2 } sinx _ —xsinx ~ cosx
? D?-1]D? D? - D2 -1’

As D* >-1, p, = -

-1-
—xsmx COS X 1
— xsmx+cosx)
2 -2 2

Complete Solution: Yy =Y. +Y,.



X
1 )
Thus y=c.e* +¢ e‘x—ﬁ 2% —3x+9)— =(xsin x + cos x

5. Solve (D3+D2—4D—4)y:3e‘x—4x—6

AE.is m*+m® —4m-4=0=m’(m+1)-4(m+1)=0

=(m +1)(m2 —4):O:> m=-1,+2 LY, = +ce? e
y = 3% ~ (4x+6) _ oy — py(say)
" (D*+D?-4D-4) (D*+D?-4D-4) b
3e* 3
= = Dr.=0
g (D3+D2—4D—4) R yvavity )
Py =X- se_ =X- se =—xe~
" (sp?+2D-4) " (3-2-4)
(4x+6) . .
P2 =773 5 P.I. is found by division
(D +D —4D—4)

x-(1/2)
44D+ D2+ D [4x+6
4x+4 P2 :_X_(]/Z)
Complete solution: y =y, + Yy,

2
_2

o

Thus y=ce ™ +ce™ +ce ™ —xe " +x+(1/2)

d7y

6. Solve¥+4y =tsint +sin2t

We have (D2 +4)y:tsint+sin2t

AE.ism?+4=0=>m==42i ..y, =c,C052t+C,sin2t and

y _tsint+sin2t _ tsint N sin 2t — b+ D, (say)
p D244 D°+4 D%+4 ! ?




p=t8int and we have XV t_f,(D) v
LD f0) | o) ]7(0)

2D sint 2D sint tsint 2cost
=t-— LY 2.1 -
D?+4|D*+4 D?+4|-1°+4 3 :%D2+4)

tsint 2cost 1 )
.p = — =_—_(3tsint —2cost

sin2t
D% +4
:tsm2t :tJS'nZt _tcosZt

dt =
P2=150 2 4

Also p, = Now D®—-2° and Dr.=0

Complete Solution: Y =Y. +Y,.

tcos2t

Thus y =, COS2t +C,Sin 2t +%(3tsint —2cost)—



